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Abstract 
 
Logical propositions with the fuzzy modality “Probably” are shown to obey an uncertainty principle 
very similar to that of Quantum Optics. In the case of such propositions, the partial truth values are 
in fact probabilities. The corresponding assertions in the metalanguage, have complex assertion 
degrees which can be interpreted as probability amplitudes. In the logical case, the uncertainty 
relation is about the assertion degree, which plays the role of the phase, and the total number of  
atomic propositions, which plays the role of the number of modes. In analogy with coherent states 
in quantum physics, we define “quantum coherent propositions” those which minimize the above 
logical uncertainty relation. Finally, we show that there is only one kind of compound quantum-
coherent propositions: the “cat state” propositions.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 2 
1. Introduction 
A quantum logic should be the logic of a truly quantum system. The latter is described in terms of 
some conjugate variables, which satisfy some uncertainty relation. It follows that a logic is quantum 
if and only if the propositions of its language, which are in a one-to-one correspondence with the 
states of the quantum system, obey themselves some (logical) uncertainty principle. In standard 
quantum logic [1] the requirement of  the (physical) uncertainty principle led to a non-distributive 
lattice of propositions. However, that was just an algebraic expression of such a requirement. 
Instead, in this paper we will get an explicit realization of a logical uncertainty principle for 
quantum propositions.  
To start, we will consider atomic propositions of the quantum logical language, or quantum object-
language (QOL), which can be asserted, in the quantum metalanguage (QML) [2] with an assertion 
degree. This fact requires that the atomic propositions in the QOL are endowed with a fuzzy 
modality “Probably” [3] and have fuzzy (partial) truth-values [4]. The latter, moreover, sum up to 
one. In general, such a set of probabilistic propositions is a subset of a bigger set, including also 
non-probabilistic ones. We find an uncertainty relation between the (partial) truth-value and the 
total number of propositions. Also, we define as “quantum coherent propositions” those 
propositions which minimize the logical uncertainty relation. 
In quantum physics, the concept of coherence can have different meanings. In Quantum Mechanics 
(QM), coherence is a property of pure states, and is related to quantum superposition and 
entanglement. There are some particular quantum states of the Quantum Harmonic Oscillator 
(QHO), which are eigenvectors of the annihilation operator, and have minimal uncertainty. They 
were formally defined by Schrödinger [5], and are the most classical states of the QHO. In Quantum 
Field Theory (QFT),  more precisely in Quantum Electrodynamics, these states were studied by 
Glauber and named “coherent states” [6]. Glauber coherent states minimize the phase-number 
uncertainty principle of quantum optics [7]. 
There is a difference between the linear superposition of pure states and that of Glauber coherent 
states. While the former gives rise to another pure state, the latter in general does not produce 
another Glauber coherent state, unless it is a “cat state” [8]. 
The concept of coherence in logic has been investigated only at the classical level. That was a 
restriction which, in our opinion, was greatly responsible of the arising of the well known  
criticisms. A (classical) coherence theory of truth (see for example Ref. [9]) states that the truth of 
any (true) proposition consists in its coherence with some specified set of propositions. Then, 
according to the coherence theory, the truth conditions of propositions consist in other propositions. 
But a definition of logical coherence itself is not given: the argument is circular. 
For a coherence theory of truth, the main criticism, due to Russell [10] is that contradictory beliefs 
can be shown to be true according to coherence theory.  
For coherentism in general, or the “coherence theory of justification” (which characterizes 
epistemic justification as a property of a belief only if that belief is a member of a coherent set) the 
main criticism is the regress argument. 
Then, we will avoid then the classical concept of logical coherence, and will focus on quantum 
logical coherence, for which it  is possible, as we will see, to give an operational definition. 
In our case, coherent quantum logic must have a physical interpretation at two levels. Coherent 
quantum propositions should be interpreted physically as quantum mechanical pure states, and their 
assertions should be interpreted as Glauber coherent states. This is due to the fact that QOL is to be 
interpreted within QM, while QML is to be interpreted within QFT [2]. 
The paper is organized as follows.  
In Sect. 2, we review the basic notions of (classical) metalanguage, the reflection principle and the 
(classical) definitional equation for the logical connective & in Basic logic [11]. Then, we briefly 
introduce the quantum assertions with complex assertion degrees of QML [2], and the quantum 
definitional equation for the logical connective of quantum superposition.  
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In Sect. 3, we show that the atomic propositions of a QOL, which are endowed with a fuzzy 
modality “Probably”, obey an uncertainty principle between the partial truth-value and the total 
number of  propositions. Moreover, we give the definition of  logical quantum coherence for atomic 
propositions. 
In Sect. 4, we look for compound quantum-coherent propositions. To this aim, we need to modify 
Tarski Convention T [12] as convention TP (true probably). We find that the only possible 
quantum-coherent compound propositions are semi-classical  propositions whose structure reminds 
the Schrödinger “cat” state. 
In Sect. 5, we briefly review the concept of quantum coherence in QM and in QFT. We argue that  
logical coherence should have both interpretations, respectively at the level of QOL and at the level 
of QML. In particular, we identify a sequent labelled by an assertion degree with a coherent state.  
Sect. 6 is devoted to the conclusions. 
 
2. Quantum Metalanguage 
A metalanguage (ML) is a language which talks about another language, called object-language 
(OL). 
A (classical) formal ML consists of (classical) assertions, and meta-linguistic links among them. 
(By classical assertions, we mean assertions which are stated with certitude). It consists of: 
i) Atomic assertions: A−  (A declared, or asserted), where A is a proposition of the OL. 
ii) Meta-linguistic links: −   (“yelds”, or “entails”),   and    (metalinguistic “and”). 
iii) Compound assertions.  Example:  A−  and  B− . 
Let us consider the introduction of the logical connective & in Basic logic [11] 
In the OL, let A, B be propositions.                                                                               
In the ML, I read: A decl. , B decl, that is:  A−    ,    B−   respectively (where “decl.” is the 
abbreviation of “declared”, which also can mean “asserted”). 
Let us introduce a new proposition A&B in  the OL. In the ML, we will read: A&B decl., that is: 
BA &− .   
The question is: From  A &B decl., can we understand A decl. and B decl. ? 
More formally, from BA &−  can we understand A−  and  B− ? 
To be able to understand A decl. and B decl. from A&B decl, we should solve: 
BA &−     iff    A−    and   B−                                                                                        (2.1) 
which is the definitional equation of the connective & in Basic logic [11]. 
A quantum metalanguage (QML) [2] consists of: 
i) Quantum atomic assertions: pλ−                                                                                               (2.2) 
where p is a proposition of the quantum object-language (QOL), and λ is a complex number, called 
the assertion degree, which indicates the degree of certitude in stating the assertion. In the limit case 
1=λ , quantum assertions reduces to classical ones. The truth-value of the corresponding 
proposition A in the QOL, is given by:  
[ ]1,0)( 2 ∈= λpv                                                                                                                           (2.3) 
which is a partial truth-value as in Fuzzy Logic [4]. 
ii) Meta-linguistic links: −   (“yelds”, or “entails”),   and   (metalinguistic “and”), as in the classical 
case. 
iii) Compound assertions.  Example:  00 pλ− and     11 p
λ
−  
iv) Meta-data:  
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∑
−
=
=
1
0
1)(
n
i
ipv                                                                                                                                     (2.4) 
where n is the number of atomic propositions in the QOL.  
As in the classical case, one should solve the definitional equation of the quantum connective 
10
&λλ [2]:     
10 10 & pp λλ−      iff      0
0 pλ−  and     1
1 pλ−                                                                       (2.5)                                                                                            
with the constraint: 
121
2
0 =+ λλ                                                                                                                               (2.6) 
which is the meta-data in Eq. (2.4) written in terms of the assertion degrees, by the use of Eq. (2.3). 
 
3. The uncertainty principle for quantum propositions 
Let us consider a set S of N atomic Boolean propositions: 
),......2,1( Nii =ψ  
Let us call ).......2,1( niip =  with Nn < , the propositions of  a subset SS ⊂' , to which it is possible to 
assign a probability p  such that ∑
=
=
n
i
ipp
1
1)( . 
There is a relation between the probability p and the fuzzy notion probably. In fact, the latter can be 
axiomatized as a fuzzy modality  [3] as follows. Having a probability p on Boolean formulas, define 
for each such formula ip  a new formula )( ipP , read “probably ip ”, and define the truth value of 
)( ipP to be the probability of ip  [3], that is: [ ]1,0)())(( ∈= ii pppPv . Then, it holds: 
∑
=
=
n
i
ipPv
1
1))((                                                                                                                                (3.1)   
Let us call ),........1( Nrnnii =++=ϕ  the remaining nNr −=  Boolean propositions to which it was not 
assigned a probability. The iϕ  belong to the complement of S’ in S. Assuming the propositions  iϕ  
true, with full truth value1, it holds: 
∑
+=
+=
=
rnN
ni
i rv
1
)(ϕ                                                                                                                                   (3.2) 
From (3.1) and (3.2) it follows: 
 ∑
=
+=
N
i
i rv
1
1)(ψ                                                                                                                              (3.3)              
In the limit case where all the propositions had the same truth value v , Eq. (3.3) would give: 
rNv +=⋅ 1                                                                                                                                      (3.4) 
Moreover, in the particular case with  nNr == ,0 , Eq. (3.4) gives: 
n
1
=ν                                                                                                                                               (3.5)                                                                                                                
Then, we are allowed to formulate the following uncertainty relation:  
“It is impossible to fully determine both the truth values of the propositions belonging to a set S, 
and the power of S”: 
1≥∆⋅∆ Nv                                                                                                                                     (3.6) 
where v∆  and N∆  indicate the uncertainties of the truth value and of the power of the set, 
respectively. 
Notice that for  nNr == ,0 , Eq. (3.6) is saturated: 
1=∆⋅∆ nv                                                                                                                                       (3.7) 
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The propositions  ),......2,1( Nii =ψ , with truth-value v   in the object-language,  are assertions in the  
metalanguage, with assertion degree λ , such that 2λ=v . Notice that for Boolean propositions it 
is: λ== 1v , while for probabilistic propositions we have: C∈λ  and [ ]1,0∈v .    
Then, in general, the uncertainty of the truth value v∆  can be expressed in terms of the uncertainty 
of the assertion degree λ∆ as: λλ ∆=∆ 2v , and Eqs. (3.6) and (3.7) can be rewritten, respectively, 
as: 
2
kN ≥∆⋅∆λ                                                                                                                                    (3.8)                            
  
2
k
n =∆⋅∆λ                                                                                                                                   (3.9) 
where k  is a constant: λ
1
=k . 
Eq. (3.8) reminds of the uncertainty relation phase-number [7] of quantum optics, which is saturated 
by coherent Glauber states. 
We give the following definition: “Quantum-coherent atomic propositions are those fuzzy- 
probabilistic atomic propositions for which the partial truth values are all equal and sum up to1”.  
Notice that the mean of the partial truth values of the propositions )( ipP : 
n
v
v
n
i
i∑
=
=
1
                                                                                                                                     (3.10) 
is, because of the meta-data in Eq. (2.4), equal to the truth value of coherent propositions given in 
Eq. (3.5): 
n
vv coh
1
==                                                                                                                                   (3.11)                  
                                                                                                
4.  Compound quantum-coherent propositions 
Metalinguistic sequents are assertions in the metalanguage. There are close relations between 
assertions, the truth values of propositions in the object-language, and the truth predicate of Tarski 
[12 ], the latter being formulated in the metalanguage. However, when the certitude in the assertion 
is not full, also the truth values of the propositions are partial, and the truth predicate of Tarski must 
be modified.    
By Tarski Convention T, every sentence p of the object-language OL must satisfy: 
(T): ‘p’ is true iff p 
where ‘p’ stands for the name of the proposition p, which is the translation in the metalanguage ML, 
of the corresponding proposition in the OL, and “iff” stands for “if and only if”. 
For any sentence “probably p” (P(p)), we can reformulate Tarski Convention T as convention (TP) 
[13] as follows. 
(TP):  ‘p’ is probably true iff  P(p). 
The expression “is probably true” means that the truth of a proposition is asserted with uncertainty, 
not with complete certitude. The truth predicate has been modified by probability. 
In terms of assertions, convention TP reads: 
'' pλ− iff   ( )pP                                                                                                                          (4.1) 
which means that the proposition '' p  is asserted  with assertion degree λ  if and only if  “probably 
p ”, with probability [ ]1,02 ∈λ , and the partial truth value of )( pP  is just the probability of p , 
that is:  
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2)())(( λ== pppPv                                                                                                                      (4.2) 
Let us consider two propositions 10 , pp  of the QOL. 
We get, from Convention TP: 
'' 0
0 pλ− iff   ( )0pP                                                           
and: 
'' 1
1 pλ− iff   ( )1pP  
with: 2000 )())(( λ== pppPv , 2111 )())(( λ== pppPv , together with the constraint: 
 1)(()(( 10 =+ pPvpPv                                                                                                                 (4.3)     
which is the meta-data in Eq. (2.4). 
Let us now form, in the QOL, the conjunction *& of the two propositions 10 , pp  such that it takes 
into account the probabilistic nature of 10 , pp . We define then )(&)(& 101*0 pPpPpp
def
= . 
We put:  
1010 10 &)(&)( pppPpP λλ≡                                                                                                           (4.4) 
where the suffixes 10 ,λλ  in 10 &λλ  indicates the weights by which the two propositions contribute  
to the logical conjunction.  
The identification 10 10 & pp λλ  )&( 10 ppP=  can be made only in the particular case with 10 λλ = , 
and, by the constraint (5.3) it follows 
2
1
10 == λλ , then we have: 
1
2
1
2
1010 &)&( ppppP ≡                                                                                                             (4.5) 
In this particular case, we can  apply Convention PT  to the new formed proposition )&( 10 ppP : 
)&( 102
1
pp=−λ iff     )&( 10 ppP                                                                                                 (4.6) 
We define a compound quantum coherent proposition as the one whose assertion can be derived 
through  Convention PT from the conjunction of two coherent atomic propositions. 
In the general case, with 10 λλ ≠ , Convention T gives instead:     
10 10 & pp λλ−     iff    )(&)( 10 pPpP                                                                                               (4.7) 
In the general quantum case, the definitional equation of the quantum connective 
10
&λλ  of quantum 
superposition was given in Eq. (2.5). 
In the particular case of coherent propositions, the definitional equation of the connective
2
1
2
1 &  of 
the “cat state” (which is a semi-classical version of the classical connective &) is: 
1
2
1
2
10 & PP−       iff      02
1
p− and     12
1
p−                                                                     (4.8) 
 
5. The physical interpretation  
The physical interpretation of quantum logical coherence should take into account the concept of  
quantum coherence in Quantum Mechanics (QM) as well as in Quantum Field Theory (QFT). This 
is due to the fact that the quantum object-language (QOL) must be interpreted in QM, while the 
quantum metalanguage (QML) must be interpreted in QFT [14] [15]. More precisely, QML is a  
non-computational aspect of the mind [13], which is strictly related to brain processes described by 
a dissipative quantum field theory (DQFT) [16] [17].  Moreover, QML can be viewed as a quantum 
control on the quantum mind, or on a quantum robot [18] [19] whose logic is the QOL. In this 
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context, it would be interesting to investigate about the particular role of that sector of the QML 
corresponding to quantum-coherent propositions in the QOL. 
Quantum coherence in QM is a property of pure states, whose linear superposition is also a pure 
state. More specifically: given n pure states ).........2,1( nii =ψ , the superposed state 
∑
=
=Ψ
n
i
iic
1
ψ  is also a pure state, with: 
 Cci ∈ ,     1
1
2
=∑
=
n
i
ic  .                                                                                                                  (5.1) 
The logical equivalent of Eq. (5.1) is Eq. (3.1) for fuzzy propositions with modality P. 
Quantum coherence in QFT is a property of some particular quantum field states, the coherent 
states α , which are eigenvectors of the annihilation operator a) , with eigenvalues α :  
ααα =a
)
.                                                                                                                                   (5.2) 
As the operator a)  is non-hermitian, the eigenvalue α  is in general a complex number. 
The metalogic equivalent of Eq. (5.2 ) is the sequent: α
α p− , with  C∈α . 
Coherent states minimize the position-momentum uncertainty relation: 
2
h
=∆⋅∆ px . 
In particular, Glauber coherent states [6] minimize the phase-number [7] uncertainty relation: 
2
1
=∆⋅∆ nϕ                                                                                                                                     (5.3) 
in quantum optics. 
Notice the similarity between Eq. (5.3) for coherent optical states and Eq. (3.9) for quantum 
coherent propositions.  
Finally, the superposition of two coherent states ββαα +  is not, in general a coherent state, 
unless 
2
1
== βα . The resulting coherent state: 
 )(
2
1
αα −+                                                                                                                             (5.4) 
is called the “cat” coherent state [8] in quantum optics. 
In our case, in order to give a physical interpretation to quantum coherent propositions, one should 
consider “generalized” coherent states [20] [21], that is, field states which are eigenvectors of a 
general non-hermitian operator, which plays the role of the annihilation operator. 
We would  then restrict ourselves to two non-hermitian operators, which are 22×  matrices: 
 





=
00
0α
A           





= β0
00
B      with C∈βα,                                                                          (5.5) 
where A is the annihilation operator of the state 





=
1
0
1   , and the state  





=
0
1
0  is the 
eigenvector of A with complex eigenvalueα : 
01 =A  
00 α=A                                                                                                                                    (5.6) 
In the same way, B is the annihilation operator of the state 0 , and the state 1  is the eigenvector 
of B with complex eigenvalue β : 
00 =B  
11 β=B                                                                                                                                       (5.7) 
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For 1== βα , the operators A and B reduce, respectively, to the two projector operators 






=
00
01
0P  and  





=
10
00
1P  of the two-dimensional complex Hilbert space 
2C . In standard 
quantum logic [1], the two projectors are atomic propositions. Then, the expressions 000 =P  ,  
111 =P  are assertions. The first one asserts that the state 0  has been measured with probability 
1, that is, proposition 0P  is asserted with certitude (assertion degree 1=α ). It corresponds to the 
classical sequent 0P− .   The second one asserts that the state 1  has been measured with 
probability 1, that is, proposition 1P  is asserted with certitude (assertion degree 1=β ). It 
corresponds to the classical sequent 1P− .    
Eqs. (5.6) and (5.7) assert with uncertainty propositions 0P  and 1P , with assertion degrees α  and 
β  respectively, and thus correspond respectively to the quantum sequents: 0Pα−  ,  1Pβ− . 
Now, let us  go back to physics, and look for a third coherent state which is a linear superposition of 
two coherent states. We should consider a field state Ψ  which is: 
i) a linear superposition of the coherent states 0  and 1 , that is, 10 βα +  with: 122 =+ βα . 
ii) proportional to the eigenvector γ  of a non-hermitian operator C with a given eigenvalue γ : 
γγγ =C .     
The above two conditions require that 
2
1
=== βαγ , so that: )10(
2
1
+=Ψ , which is the 
qubit “cat state”.  Then, we have: 
γγ
2
1
=C                                                                                                                                 (5.8)                                             
with: 












=
2
10
0
2
1
C  and  





=
1
1γ  
 Eq. (5.8) is the algebraic expression of the quantum sequent: 
)&( 102
1
PP−                                                                                                                                  (5.9)                                                             
 or, equivalently: 
)&( 1
2
1
2
10 PP−                                                                                                                             (5.10) 
Eq. (5.9) (or equivalently Eq. (5.10)) assert the quantum-coherent logical qubit cat state. 
We remind that the condition for having a quantum coherent compound proposition was  
)&()(&)( 1010 PPPPPPP =  which holds if and only if the two atomic propositions are asserted 
with the same assertion degree. This is algebraically expressed by: 210 Ι=+ γβα PP , where 2Ι  is the 
identity matrix of 2C . 
 
6. Conclusions 
In this paper, we have formulated an uncertainty principle for (quantum) logical propositions. To 
us, this is the criterion for stating that a logic is truly quantum. In fact, standard quantum logic was 
not able to achieve such a requirement, and then it cannot be considered a proper quantum logic in 
the above sense. 
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The problem of standard quantum logic stands in the fact that it just consists of syntax, and is 
missing the semantics, where the quantum meaning arises. Semantics (or metalanguage) is in fact 
the seed of  any physical interpretation of logic. It is the (quantum) metalanguage that states the 
quantum logical features of the object-language. More precisely, the assertion degrees of the 
assertions of the QML are the symptoms that the propositions of the QOL are probabilistic and 
fuzzy at the same time. This leads to the uncertainty principle between the fuzzy truth-value and the 
power of the set of atomic propositions. Related to any uncertainty principle, there is  always the 
Glauber concept of coherence, that is, the saturation of the uncertainty principle itself. Quantum 
propositions which minimize the above logical uncertainty principle are then defined “quantum- 
coherent” propositions. The latter are then the most classical propositions in the QOL.  
Moreover, coherent states are the most robust states with respect to damping, as they are “pointer 
states”. Any other quantum states, for example Fock states, are more fragile in decoherence, and 
will decay faster. Thus, quantum atomic assertions in the QML, corresponding to coherent states in 
the dissipative QFT of the brain, are very robust against a possible reduction to classical logic. Also, 
their semi-classical nature suggests that they are the best suited for controlling the object-language  
at the border between the quantum level and the classical one.  
Then, we showed that the compound propositions which are quantum-coherent are only the “cat 
state” propositions, which can be true or false with the same probability. Logical quantum 
coherence is then the antithesis of (classical) logical consistency. 
However, coherent “cat” states, differently from single coherent states, are quite fragile against 
dissipation. Decoherence transforms the initial pure state (5.4) into a statistical mixture of the two 
coherent states α  and α− .  This implies that cat state assertions in the QML, which provide the 
semi-classical connective 
2
1
2
1 & in the QOL through the reflection principle, are created and 
destroyed very quickly in the brain. The reflection principle, more precisely, the definitional 
equation of the quantum conjunction, can be viewed as the reduction of the dissipative QFT of the 
brain to the QM of the quantum-computing mind [15]. The above considerations suggest that we 
can make only extremely short journeys in our own quantum mind, but that is sufficient to create 
our logical language. 
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